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Abstract 

A new notation for the quantum teleportation of finite dimensional quantum state through a 
generally entangled quantum channel is introduced. For a given quantum channel an explict 
mathematical criterion that governs the faithful teleportation is presented. 
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Quantum teleportation has been introduced by Benett et al. JI| and discussed by a 
number of authors for two dimensional quantum state[0|p]0][^]. By means of a classical 
and distributed quantum communication channel, an unknown quantum state is destroyed 
at the sending place while its perfect replica state, after some rotation, appears at remote 
receiving place. Recently, for teleportation of a general finite dimensional quantum state has 
been discussed in and 0, and the condition of the unitary transformation was given in 
thei. 

In this letter, we introduced a new notation for quantum teleportation through a gener- 
ally entangled quantum channel and constructed an explicit nitary transformation U which 
receiver Bob performed on his qubit. It is adapt to teleport a ra-dimensional quantum state 
by an {n + l)-dimension generally entangled channel. At last, we given all the unitary trans- 
formation U for the case that both channel and measurement are in the Bell state (maximally 
entangled state). 

Let Hi be the Hilbert space with dimensions A^, and \i = l...A^} be the set of 
orthogonal basis in Hi. Alice has a general state \(p)-^ unknown to her in the Hilbert space 
Hi as, 

N 
i=l 

N 

Where ctj G C ,and X] I'^d ~ -^^^ convenience we name an arbitrary dimensional 

1=1 

quantum state as a qubit. 

Now we definite some useful notations: 

Definition 1 o; = ( ai ■■■ Oat-i ), 
Definition 2 e, = ( ■■■ |Ar - 1). \N)^), 
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Definition 3 ei= ( i (1 1 ■■■ i(A^-l| i {N\ ) . 

Where the states ■ ■ ■ represent the different states of the i-th qubit. For example, 
when N = 2, they can be spin-^ states, namely |1) \]) and |2) ||), and so on. 
We rewrite the Eq.(0) by the notation as 

= «e*, (2) 

where e- denotes transpose of Gj. 

Let H2 and i/3 be auxiliary Hilbert spaces attached respectively to Alice and Bob, with 
dimensions N2 = N3 = N. A generally entangled state of two qubits in the Hilbert space 
H2®H^ is given by 

AT 

1*^)23 = XI ^'^i 1^)2 

with 23 (0 10)23 = 1- Both {1^)2 \i = l...A^} and {12)3 \i = l...A^} are sets of orthogonal basis 
in Hilbert spaces H2 and H3 respectively. We express [0)23 by the notation 



'23 



e2Ael, 



where the known matrix A 



( (X\\ a\2 

0-21 Q'22 

: a.i2 



0'2N 



(3) 



for given quantum channel. The 



y a^i aN2 ■ ■ ■ ciNN j 
state for joint system of particle 1 and 2 given to Alice and 3 given to Bob is 



1^)123 = ® \<^)2z = ae\e2Aei = aEAe* (4) 

with E = e*e2. 

To transform the state of Bob's qubit to be 1^9)3, Bob need to do an unitary transformation 
on his qubit, after he obtain the measured outcomes from Alice by classical channel. This 
process is called as quantum teleportation. 
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Alice make a joint measurement on the first and the second qubits, then particles 1 and 

/ fell fei2 ■ ■ ■ felAf \ 
I ^21 ^22 ' ' ' b2N 

2 will form an entangled state |0)i2 = eii^eg, with B = , . . After 



fe,- 



i2 



\ bNl feiV2 ■ ■ ■ b^N ) 

Alice's measurement, Bob's particle 3 will have been projected into 



^ =12 \<P ^)i23 = P«M, (5) 

where = P \ = BA, is a known matrix and p is a known common factor, it 

is the probility amplitude of the state |(y9")g(if the channel and measurement are Bell state, 
p = ^). Bob need to perform a transformation U on his qubit in order to obtain perfect 
replica of \'-p)i and hence realize the teleportation. 



U 



(6) 



Theorem 1 If there is inverse matrix of the known matrix X*, the quantum telepor- 
tation can be realized and (X*)~^ is just the transformation U that fulfills the quantum 
teleportation. 
Proof : 

By using the Eq.(3) (H)andP), we have 



N 

Oiiajkhmn2 {n\ j)2i (m| i)^ \k), 

i j k m n 
N 

i j k m n 

N / N 

i k \ j 



namely 



3 



if ) = aBAel = paXel = p 



Bob perform the operation U on the state jv^'),, then he will obtain perfect replica of 



u 



V) = \V)3, 



namely 



N 



U Xik \k)^ = 1^)3. 



Let the basis \i) be an A^-dimensional column vector 



0)' 

...N 



From the Eq.(|^) and(H), we have 



N 



(7) 



so the matrix U is nothing but the inverse matrix of the known matrix X* 



UX' = L 



U = (X*) 



-1 



From above discussion, we see that any finite state can be teleported through a generally 
entangled state. 

This theorem can be extended the teleportation of multi-qubit such as the states discussed 
in the Ref. [Q, if we re-define merely some notation. We define the state to be teleportated 



N 
i=l 



Oli 



%l - ■ ■% 

n / I 



cte\. 



with ei = 
the channel is 





2---2\ ■■■ 


n / 1 


n / I 



n ■ ■ ■ n 

n / 1/ 



'23 



N 
i=l 



II- ■ - i^) = e2Ae 

n+l I 23 



with 62 = (11)2 12)2 ■ ■ ■ 1^)2) and 63 
and Ahce's measured result is 



12 



n I 3 

eiBe2 



2_^ 

n / 3 



n - ■ - n 



then we can construct the transformation on the third qubit by using the theorem 

U={{BAr)-' Ip. 



It is easily show that the operation U may be non-unitary. In this case, the teleportation 
become probabilistic as the result given in Ref. 0. 

In general, the Bob's transformation U should be unitary, so a limitation should be 
considered, namely the matrix X (or X*) must satisfy the following equation, 

{XT' 



(X* 

N 

Therefore, if the channel and the Alice's measuremed result are known, and the matrix 
X is unitary. Bob can obtain the transported state. Neither the channel or the measurement 
result must be maximally entangled state, or the channel can be a maximally entangled 
state, but the Alice's measured result can be non-maximum entangled state. For example. 



we take N = 2, let the quantum channel be a generally entangled state 



'23 



e2Ae 



3' 



12 



eiBeL with B 



with A = ^ ^ and det (A) 7^ 0, and let the measured result of Alice be 

and det (B) 7^ 0, then the unitary matrix (X)* = (BA)* /p 
. We can calculate out the unitary matrix X, 
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a b 
c d' 



a a + b c ac + cd 







X3 \ 




\ X2 


) 



f COS (9) sin (9) \ 
\ sin (9) - cos {9) J 

f cos{9) -sm{9){ 
"^1^ sin (9) cos {9} J ' 

so we can get the inverse matrix of X* as 

If we assume that Ahce's measurement is Bell basis, namely B e {co, (71,(72,(73}, then the 
matrix {X^)~^ can be obtained easily. Wc given all the matrix U in table (1) for the different 
channels and different measured result, and all the channels and the measured results are 
Bell state. ( all the matrixes have a common factor p — ^) 

In addition, the theorem can also be used to the general dim (Hi) = n ^ 

dim {H2) = m. Let a and ei be respectively 

a — ai • • • an Oin+i ■ ■ ■ ) where q;^ = for i = n + 1 ■ ■ ■ m 

and ei = ( 11)-,^ ■ ■ ■ |n)^ |n + 1)^ ■ ■ ■ \m)^ ). 

If we can construct a matrix t/, which made matrix X^U be diagonal and all diagonal 
elements of matrix X^U be or 1, the teleportation can be reahzed. We can delete all of 
the elements from the {n + l)-th raw to the m-th raw and {n + l)-th column to the m-th 
column of the matrix X^ then we got matrix X^' , and construct the inverse matrix of X^' by 
the theorem 1 easily. Let U — U ®Q (with = (X*')-') , then the matrix U is just the 
operation which Bob's performed on his qubit. 

After introduced a new notation for the quantum teleportation, we obtained the con- 
dition on quantum teleportation by a generally entangled channel, the channel must not 
be maximally entangled state. We constructed the operation U performed by the Bob on 
the third qubit in order to obtain perfect replica of teleported state. We given the general 
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form of the operator U for the case that both channel and the state to be teleported are 
two-dimensional. 
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Table (1) all the unitary U for the 2-dimension teleportation by Bell channel 
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